Introduction and Motivation {#Sec1}
===========================

Sampling from probability measures in high-dimensional spaces is a problem that appears frequently in applications, e.g. in computational statistical mechanics and in Bayesian statistics. In particular, we are faced with the problem of computing expectations with respect to a probability measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}^{d}$$\end{document}$, i.e. we wish to evaluate integrals of the form:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \pi (f):=\int _{\mathbb {R}^{d}}f(x)\pi (\mathrm {d}x). \end{aligned}$$\end{document}$$As is typical in many applications, particularly in molecular dynamics and Bayesian inference, the density (for convenience denoted by the same symbol $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$) is known only up to a normalization constant; furthermore, the dimension of the underlying space is quite often large enough to render deterministic quadrature schemes computationally infeasible.

A standard approach to approximating such integrals is Markov Chain Monte Carlo (MCMC) techniques \[[@CR19], [@CR32], [@CR52]\], where a Markov process $\documentclass[12pt]{minimal}
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                \begin{document}$$(X_{t})_{t\ge 0}$$\end{document}$ is constructed which is ergodic with respect to the probability measure $\documentclass[12pt]{minimal}
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                \begin{document}$$f\in L^{1}(\pi )$$\end{document}$, the ergodic theorem guarantees almost sure convergence of the long-time average $\documentclass[12pt]{minimal}
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There are infinitely many Markov, and, for the purposes of this paper diffusion, processes that can be constructed in such a way that they are ergodic with respect to the target distribution. A natural question is then how to choose the ergodic diffusion process $\documentclass[12pt]{minimal}
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                \begin{document}$$(X_{t})_{t\ge 0}$$\end{document}$. Naturally the choice should be dictated by the requirement that the computational cost of (approximately) calculating ([1](#Equ1){ref-type=""}) is minimized. A standard example is given by the *overdamped Langevin dynamics* defined to be the unique (strong) solution $\documentclass[12pt]{minimal}
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                \begin{document}$$(X_{t})_{t\ge 0}$$\end{document}$ of the following stochastic differential equation (SDE):$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm {d}X_{t}=-\nabla V(X_{t})\mathrm {d}t+\sqrt{2}\mathrm {d}W_{t}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$V=-\log \pi $$\end{document}$ is the potential associated with the smooth positive density $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$. Under appropriate assumptions on *V*, i.e. on the measure $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi (\mathrm {d}x)$$\end{document}$, the process $\documentclass[12pt]{minimal}
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                \begin{document}$$(X_{t})_{t\ge 0}$$\end{document}$ is ergodic and in fact reversible with respect to the target distribution.

Another well-known example is the *underdamped Langevin dynamics* given by $\documentclass[12pt]{minimal}
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                \begin{document}$$(X_t)_{t\ge 0} = (q_t, p_t)_{t\ge 0}$$\end{document}$ defined on the extended space (phase space) $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm {d}q_{t} =M^{-1}p_{t}\mathrm {d}t, \quad \mathrm {d}p_{t} =-\nabla V(q_{t})\mathrm {d}t-\varGamma M^{-1}p_{t}\mathrm {d}t+\sqrt{2\varGamma }\mathrm {d}W_{t}, \end{aligned}$$\end{document}$$where the mass and friction tensors *M* and $\documentclass[12pt]{minimal}
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                \begin{document}$$\varGamma $$\end{document}$ are assumed to be symmetric positive definite matrices. It is well-known \[[@CR36], [@CR46]\] that $\documentclass[12pt]{minimal}
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                \begin{document}$$(q_{t},p_{t})_{t\ge 0}$$\end{document}$ is ergodic with respect to the measure $\documentclass[12pt]{minimal}
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                \begin{document}$$\widehat{\pi }:=\pi \otimes \mathcal {N}(0,M)$$\end{document}$, having density with respect to the Lebesgue measure on $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \widehat{\pi }(q,p)=\frac{1}{\widehat{Z}}\exp \left( -V(q)-\frac{1}{2}p\cdot M^{-1}p\right) , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widehat{Z}$$\end{document}$ is a normalization constant. Note that $\documentclass[12pt]{minimal}
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                \begin{document}$$\widehat{\pi }$$\end{document}$ has marginal $\documentclass[12pt]{minimal}
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                \begin{document}$$f\in L^{1}(\pi )$$\end{document}$, we have that $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{1}{t}\int _0^t f(q_{t})\,\mathrm {d}t\rightarrow \pi (f)$$\end{document}$ almost surely. Notice also that the dynamics restricted to the *q*-variables is no longer Markovian. The *p*-variables can thus be interpreted as giving some instantaneous memory to the system, facilitating efficient exploration of the state space. Higher order Markovian models, based on a finite dimensional (Markovian) approximation of the generalized Langevin equation can also be used \[[@CR12]\].

As there is a lot of freedom in choosing the dynamics in ([2](#Equ2){ref-type=""}), see the discussion in Sect. [2](#Sec2){ref-type="sec"}, it is desirable to choose the diffusion process $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi _T(f)$$\end{document}$ can provide a good estimation of $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi (f)$$\end{document}$. The performance of the estimator ([2](#Equ2){ref-type=""}) can be quantified in various manners. The ultimate goal, of course, is to choose the dynamics as well as the numerical discretization in such a way that the computational cost of the longtime-average estimator is minimized, for a given tolerance. The minimization of the computational cost consists of three steps: bias correction, variance reduction and choice of an appropriate discretization scheme. For the latter step see Sect. [5](#Sec15){ref-type="sec"} and \[[@CR14], Sect. 6\].

Under appropriate conditions on the potential *V* it can be shown that both ([3](#Equ3){ref-type=""}) and ([4](#Equ4){ref-type=""}) converge to equilibrium exponentially fast, e.g. in relative entropy. One performance objective would then be to choose the process $\documentclass[12pt]{minimal}
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                \begin{document}$$(X_t)_{t\ge 0}$$\end{document}$ so that this rate of convergence is maximised. Conditions on the potential *V* which guarantee exponential convergence to equilibrium, both in $\documentclass[12pt]{minimal}
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                \begin{document}$$L^{2}(\pi )$$\end{document}$ and in relative entropy can be found in \[[@CR7], [@CR39], [@CR54]\]. In the case when the target measure $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$ is Gaussian, both the overdamped  ([3](#Equ3){ref-type=""}) and the underdamped ([4](#Equ4){ref-type=""}) dynamics become generalized Ornstein--Uhlenbeck processes. For such processes the entire spectrum of the generator---or, equivalently, the Fokker--Planck operator---can be computed analytically and, in particular, an explicit formula for the $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$-spectral gap can be obtained \[[@CR38], [@CR43], [@CR44]\]. A detailed analysis of the convergence to equilibrium in relative entropy for stochastic differential equations with linear drift, i.e. generalized Ornstein--Uhlenbeck processes, has been carried out in \[[@CR1], [@CR2]\].

In addition to speeding up convergence to equilibrium, i.e. reducing the bias of the estimator ([2](#Equ2){ref-type=""}), one is naturally also interested in reducing the asymptotic variance. Under appropriate conditions on the target measure $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$ and the observable *f*, the estimator $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi _T(f)$$\end{document}$ satisfies a central limit theorem (CLT) \[[@CR31]\], that is,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{1}{\sqrt{T}}\left( \pi _T(f) - \pi (f)\right) \xrightarrow [T\rightarrow \infty ]{d} \mathcal {N}\left( 0, 2\,\sigma ^2_f\right) , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ^2_f < \infty $$\end{document}$ is the *asymptotic variance* of the estimator $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi _T(f)$$\end{document}$. The asymptotic variance characterises the magnitude of fluctuations of $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi (f)$$\end{document}$. Consequently, another natural objective is to choose the process $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ^2_f$$\end{document}$ is as small as possible. It is well known that the asymptotic variance can be expressed in terms of the solution to an appropriate Poisson equation for the generator of the dynamics \[[@CR31]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} - \mathcal L\phi = f - \pi (f), \quad \sigma ^2_f = \int _{\mathbb {R}^d} \phi (- \mathcal L\phi ) \, \pi (\mathrm {d}x). \end{aligned}$$\end{document}$$Techniques from the theory of partial differential equations can then be used in order to study the problem of minimizing the asymptotic variance. This is the approach that was taken in \[[@CR14]\], see also \[[@CR23]\], and it will also be used in this paper.

Other measures of performance have also been considered. For example, in \[[@CR50], [@CR51]\], performance of the estimator is quantified in terms of the rate functional of the ensemble measure $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{1}{t}\int _0^t \delta _{X(t)}(dx)$$\end{document}$. See also \[[@CR28]\] for a study of the nonasymptotic behaviour of MCMC techniques, including the case of overdamped Langevin dynamics.

Similar analyses have been carried out for various modifications of ([3](#Equ3){ref-type=""}). Of particular interest to us are the *Riemannian manifold MCMC* \[[@CR18]\] (see the discussion in Sect. [2](#Sec2){ref-type="sec"}) and the *nonreversible Langevin samplers* \[[@CR20], [@CR21]\]. As a particular example of the general framework that was introduced in \[[@CR18]\], we mention the preconditioned overdamped Langevin dynamics $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi _T(f)$$\end{document}$ are studied and applied to equilibrium sampling in molecular dynamics. A variant of the standard underdamped Langevin dynamics that can be thought of as a form of preconditioning and that has been used by practitioners is the *mass-tensor molecular dynamics* \[[@CR6]\].

The nonreversible overdamped Langevin dynamics$$\documentclass[12pt]{minimal}
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                \begin{document}$$\nabla \cdot (\pi \gamma ) = 0$$\end{document}$ is ergodic (but not reversible) with respect to the target measure $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$ for all choices of the divergence-free vector field $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$. The asymptotic behaviour of this process was considered for Gaussian diffusions in \[[@CR20]\], where the rate of convergence of the covariance to equilibrium was quantified in terms of the choice of $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$. This work was extended to the case of non-Gaussian target densities, and consequently for nonlinear SDEs of the form ([7](#Equ7){ref-type=""}) in \[[@CR21]\]. The problem of constructing the optimal nonreversible perturbation, in terms of the $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2(\pi )$$\end{document}$ spectral gap for Gaussian target densities was studied in  \[[@CR34]\] see also \[[@CR55]\]. Optimal nonreversible perturbations with respect to miniziming the asymptotic variance were studied in \[[@CR14], [@CR23]\]. In all these works it was shown that, in theory \[i.e. without taking into account the computational cost of the discretization of the dynamics ([7](#Equ7){ref-type=""})\], the nonreversible Langevin sampler ([7](#Equ7){ref-type=""}) is never worse that its reversible counterpart ([3](#Equ3){ref-type=""}), both in terms of converging faster to the target distribution as well as in terms of having a lower asymptotic variance. It should be emphasized that the two optimality criteria, maximizing the spectral gap and minimizing the asymptotic variance, lead to different choices for the nonreversible drift $\documentclass[12pt]{minimal}
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The goal of this paper is to extend the analysis presented in \[[@CR14], [@CR34]\] by introducing the following modification of the standard underdamped Langevin dynamics:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm {d}q_{t}= & {} M^{-1}p_{t}\mathrm {d}t-\mu J_{1}\nabla V(q_{t})\mathrm {d}t, \nonumber \\ \mathrm {d}p_{t}= & {} -\nabla V(q_{t})\mathrm {d}t-\nu J_{2}M^{-1}p_{t}\mathrm {d}t-\varGamma M^{-1}p_{t}\mathrm {d}t+\sqrt{2\varGamma }\mathrm {d}W_{t}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$M,\varGamma \in \mathbb {R}^{d\times d}$$\end{document}$ are constant strictly positive definite matrices, $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu $$\end{document}$ are scalar constants and $\documentclass[12pt]{minimal}
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                \begin{document}$$J_1, J_2 \in \mathbb {R}^{d\times d}$$\end{document}$ are constant skew-symmetric matrices. As demonstrated in Sect. [2](#Sec2){ref-type="sec"}, the process defined by ([8](#Equ8){ref-type=""}) will be ergodic with respect to the Gibbs measure $\documentclass[12pt]{minimal}
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                \begin{document}$$\widehat{\pi }$$\end{document}$ defined in ([5](#Equ5){ref-type=""}).

Our objective is to investigate the use of these dynamics for computing ergodic averages of the form ([2](#Equ2){ref-type=""}). To this end, we study the long time behaviour of ([8](#Equ8){ref-type=""}) and, using hypocoercivity techniques, prove that the process converges exponentially fast to equilibrium. This perturbed underdamped Langevin process introduces a number of parameters in addition to the mass and friction tensors which must be tuned to ensure that the process is an efficient sampler. For Gaussian target densities, we derive estimates for the spectral gap and the asymptotic variance, valid in certain parameter regimes. Moreover, for certain classes of observables, we are able to identify the choices of parameters which lead to the optimal performance in terms of asymptotic variance. While these results are valid for Gaussian target densities, we advocate these particular parameter choices also for more complex target densities. To demonstrate their efficacy, we perform a number of numerical experiments on more complex, multimodal distributions. In particular, we use the Langevin sampler ([8](#Equ8){ref-type=""}) in order to study the problem of diffusion bridge sampling.

The rest of the paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"} we present some background material on Langevin dynamics, we construct general classes of Langevin samplers and we introduce criteria for assessing the performance of the samplers. In Sect. [3](#Sec6){ref-type="sec"} we study qualitative properties of the perturbed underdamped Langevin dynamics ([8](#Equ8){ref-type=""}) including exponentially fast convergence to equilibrium and the overdamped limit. In Sect. [4](#Sec9){ref-type="sec"} we study in detail the performance of the Langevin sampler ([8](#Equ8){ref-type=""}) for the case of Gaussian target distributions. In Sect. [5](#Sec15){ref-type="sec"} we introduce a numerical scheme for simulating the perturbed dynamics ([8](#Equ8){ref-type=""}) and we present numerical experiments on the implementation of the proposed samplers for the problem of diffusion bridge sampling. Section [6](#Sec18){ref-type="sec"} is reserved for conclusions and suggestions for further work.

Construction of General Langevin Samplers {#Sec2}
=========================================

Background and Preliminaries {#Sec3}
----------------------------

In this section we consider estimators of the form ([2](#Equ2){ref-type=""}) where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(X_t)_{t\ge 0}$$\end{document}$ is a diffusion process given by the solution of the following Itô SDE:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathrm {d}X_t = a(X_t)\,\mathrm {d}t + \sqrt{2}b(X_t)\,\mathrm {d}W_t, \end{aligned}$$\end{document}$$with drift coefficient $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a: {{\mathrm{\mathbb {R}}}}^d \rightarrow {{\mathrm{\mathbb {R}}}}^d$$\end{document}$ and diffusion coefficient $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b:{{\mathrm{\mathbb {R}}}}^d \rightarrow {{\mathrm{\mathbb {R}}}}^{d\times m}$$\end{document}$ both having smooth components, and where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(W_t)_{t\ge 0}$$\end{document}$ is a standard $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathrm{\mathbb {R}}}}^m$$\end{document}$--valued Brownian motion. Associated with ([9](#Equ9){ref-type=""}) is the infinitesimal generator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathrm{\mathcal {L}}}}$$\end{document}$ formally given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {{\mathrm{\mathcal {L}}}}f = a\cdot \nabla f + \varSigma : \nabla \nabla f, \quad f \in C^2_c({{\mathrm{\mathbb {R}}}}^d) \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varSigma = bb^\top $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nabla \nabla f$$\end{document}$ denotes the Hessian of the function *f* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\, : \,$$\end{document}$ denotes the Frobenius inner product. In general, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varSigma $$\end{document}$ is nonnegative definite, and could possibly be degenerate. In particular, the infinitesimal generator ([10](#Equ10){ref-type=""}) need not be uniformly elliptic. To ensure that the corresponding semigroup exhibits sufficient smoothing behaviour, we shall require that the process ([9](#Equ9){ref-type=""}) is hypoelliptic in the sense of Hörmander. If this condition holds, then irreducibility of the process $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(X_t)_{t\ge 0}$$\end{document}$ will be an immediate consequence of the existence of a strictly positive invariant distribution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi (x)\mathrm {d}x$$\end{document}$, see \[[@CR30]\].

Suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(X_t)_{t\ge 0}$$\end{document}$ is nonexplosive. It follows from the hypoellipticity assumption that the process $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(X_t)_{t\ge 0}$$\end{document}$ possesses a smooth transition density *p*(*t*, *x*, *y*) which is defined for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t \ge 0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x, y \in {{\mathrm{\mathbb {R}}}}^d$$\end{document}$, \[[@CR5], Theorem VII.5.6\]. The associated strongly continuous Markov semigroup $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(P_t)_{t\ge 0}$$\end{document}$ is defined by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ P_t f(x) = \int _{{{\mathrm{\mathbb {R}}}}^d} p(t, x, y)f(y)\,\mathrm {d}y. $$\end{document}$ Suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(P_t)_{t\ge 0}$$\end{document}$ is invariant with respect to the target measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$, i.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int _{\mathbb {R}^d} P_t f(x)\pi (\mathrm {d}x) = \int _{\mathbb {R}^d} f(x)\pi (\mathrm {d}x) $$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\ge 0$$\end{document}$ and all bounded continuous functions *f*. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(P_t)_{t\ge 0}$$\end{document}$ can be extended to a positivity preserving contraction semigroup on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^2(\pi )$$\end{document}$ which is strongly continuous. Moreover, the infinitesimal generator corresponding to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(P_t)_{t\ge 0}$$\end{document}$ is given by an extension of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({{\mathrm{\mathcal {L}}}}, C^{2}_c({{\mathrm{\mathbb {R}}}}^d))$$\end{document}$, also denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathrm{\mathcal {L}}}}$$\end{document}$.

Due to hypoellipticity and invariance with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(P_t)_{t \ge 0}$$\end{document}$, the probability measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}^d$$\end{document}$ has a smooth density with respect to the Lebesgue measure. If this density is strictly positive, it follows that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$ is necessarily the unique invariant distribution. Slightly abusing the notation, we will denote both the measure and its density by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$. Furthermore, we will denote by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^2(\pi )$$\end{document}$ be the Hilbert space of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$-square integrable functions equipped with inner product $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left\langle \cdot , \cdot \right\rangle _{L^2(\pi )}$$\end{document}$ and norm $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left||{\cdot }\right||_{L^2(\pi )}$$\end{document}$.

A General Characterisation of Ergodic Diffusions {#Sec4}
------------------------------------------------

A natural question is what conditions on the coefficients *a* and *b* of ([9](#Equ9){ref-type=""}) are required to ensure that $\documentclass[12pt]{minimal}
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### Theorem 1 {#FPar1}
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The proof of the first part of this result can be found in \[[@CR46], Chap. 4\]; similar versions of this characterisation can be found in \[[@CR54]\] and \[[@CR21]\]. For the existence of the skew-symmetric matrix *C* see, e.g., \[[@CR16], Sec.4, Prop. 1\]. See also \[[@CR37]\].

### Remark 1 {#FPar2}
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More generally, we can consider Itô diffusions in an extended phase space:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathrm {d} Z_{t} = b(Z_t) \, \mathrm {d}t + \sqrt{2}\sigma (Z_{t}) \, \mathrm {d}W_{t}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(W_{t})_{t\ge 0}$$\end{document}$ is a standard Brownian motion in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathrm{\mathbb {R}}}}^{N}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N \ge d$$\end{document}$. This is a Markov process with generator$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal {L} = b(z) \cdot \nabla _z + \varSigma (z) : \nabla _z \nabla _z, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varSigma (z) = \big ( \sigma \sigma ^{T} \big )(z)$$\end{document}$. We will consider dynamics $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(Z_t)_{t\ge 0}$$\end{document}$ that is ergodic with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _z(z) \, \mathrm {d}z$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \int _{{{\mathrm{\mathbb {R}}}}^{m}} \pi _z (x, \, y) \, \mathrm {d}y = \pi (x), $$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z = (x, \, y), \; x \in {{\mathrm{\mathbb {R}}}}^d, \, y \in {{\mathrm{\mathbb {R}}}}^m, \; d+m = N$$\end{document}$.

There are various well-known choices of dynamics which are invariant (and indeed ergodic) with respect to the target distribution $\documentclass[12pt]{minimal}
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Comparison Criteria {#Sec5}
-------------------
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The speed of convergence to equilibrium of the process $\documentclass[12pt]{minimal}
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### Remark 2 {#FPar3}
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### Lemma 1 {#FPar4}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(X_t)_{t\ge 0}$$\end{document}$ be the unique, non-explosive solution of ([9](#Equ9){ref-type=""}), such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_0 \sim \pi _0 \ll \pi $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{d\pi _0}{d\pi } \in L^2(\pi )$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{d\pi _0}{d\pi }$$\end{document}$ denotes the Radon-Nikodym derivative of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _0$$\end{document}$ with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$. Suppose that the process is ergodic with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$ such that the Markov semigroup $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(P_t)_{t\ge 0}$$\end{document}$ satisfies ([21](#Equ21){ref-type=""}). Then for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f \in L^\infty (\pi )$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mu (f, T) \le \frac{C}{\lambda T}\left( {1 - e^{-\lambda T}}\right) ||f ||_{L^\infty }\text{ Var }_{\pi }\left[ \frac{d\pi _0}{d\pi }\right] ^{\frac{1}{2}}. \end{aligned}$$\end{document}$$
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### Lemma 2 {#FPar5}
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Clearly, observables that only differ by a constant have the same asymptotic variance. In the sequel, we will hence restrict our attention to observables $\documentclass[12pt]{minimal}
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Perturbation of Underdamped Langevin Dynamics {#Sec6}
=============================================

The primary objective of this work is to compare the performances of the perturbed underdamped Langevin dynamics ([8](#Equ8){ref-type=""}) and the unperturbed dynamics ([4](#Equ4){ref-type=""}) according to the criteria outlined in Sect. [2.3](#Sec5){ref-type="sec"} and to find suitable choices for the matrices $\documentclass[12pt]{minimal}
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If the friction coefficient is not too small ($\documentclass[12pt]{minimal}
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Numerical experiments and analysis show that departing significantly from ([27](#Equ27){ref-type=""}) in fact possibly decreases the performance of the sampler. This is in stark contrast to ([7](#Equ7){ref-type=""}), where it is not possible to increase the asymptotic variance by *any* perturbation. For that reason, until now it seems practical to use ([8](#Equ8){ref-type=""}) as a sampler only when a reasonable estimate of the global covariance of the target distribution is available. In the case of Bayesian inverse problems and diffusion bridge sampling, the target measure $\documentclass[12pt]{minimal}
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Remark 3 {#FPar6}
--------

In \[[@CR34], Rem. 3\] another modification of ([4](#Equ4){ref-type=""}) was suggested (albeit with the simplifications $\documentclass[12pt]{minimal}
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*J* again denoting an antisymmetric matrix. However, under the change of variables $\documentclass[12pt]{minimal}
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Properties of Perturbed Underdamped Langevin Dynamics {#Sec7}
-----------------------------------------------------

In this section we study some of the properties of the perturbed underdamped dynamics ([8](#Equ8){ref-type=""}). First, note that its generator is given by$$\documentclass[12pt]{minimal}
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### Lemma 3 {#FPar7}
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### Proof {#FPar8}

The proof consists of verifying the conditions of Hörmander's Theorem for the generator ([30](#Equ30){ref-type=""}) and can be found in \[[@CR41]\]. $\documentclass[12pt]{minimal}
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An immediate corollary of this result and of Theorem [1](#FPar1){ref-type="sec"} is that the perturbed underdamped Langevin process ([8](#Equ8){ref-type=""}) is ergodic with unique invariant distribution $\documentclass[12pt]{minimal}
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As explained in Sect. [2.3](#Sec5){ref-type="sec"}, the exponential decay estimate ([21](#Equ21){ref-type=""}) is crucial for our approach, as in particular it guarantees the well-posedness of the Poisson equation ([22](#Equ22){ref-type=""}). From now on, we will therefore make the following assumption on the potential *V*,  required to prove exponential decay in $\documentclass[12pt]{minimal}
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### Assumption 1 {#FPar9}

Assume that the Hessian of *V* is *bounded* and that the target measure $\documentclass[12pt]{minimal}
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Sufficient conditions on the potential so that Poincaré's inequality holds, e.g. the Bakry-Emery criterion, are presented in \[[@CR7]\].

### Theorem 2 {#FPar10}

Under Assumption [1](#FPar9){ref-type="sec"} there exist constants $\documentclass[12pt]{minimal}
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### Proof {#FPar11}

The proof uses the machinery of hypocoercivity developed in \[[@CR54]\] and can be found in \[[@CR41]\]. Using the framework of \[[@CR15]\], we conjecture that the assumption on the boundedness of the Hessian of *V* can be substantially weakened and more quantitative decay estimates (in particular with respect to $\documentclass[12pt]{minimal}
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The Overdamped Limit {#Sec8}
--------------------

In this section we develop a connection between the perturbed underdamped Langevin dynamics ([8](#Equ8){ref-type=""}) and the nonreversible overdamped Langevin dynamics ([7](#Equ7){ref-type=""}). The analysis is very similar to the one presented in \[[@CR35], Sect. 2.2.2\] and we will be brief. For convenience in this section we will perform the analysis on the *d*-dimensional torus $\documentclass[12pt]{minimal}
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### Proposition 1 {#FPar12}
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### Proof {#FPar13}

The proof follows standard arguments (see for instance \[[@CR46]\]) and can be found in \[[@CR41]\]. By a more refined analysis, it is also possible to get information on the rate of convergence; see, e.g. \[[@CR48], [@CR49]\]. $\documentclass[12pt]{minimal}
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### Remark 4 {#FPar14}

The overdamped limit ([33](#Equ34){ref-type=""}) respects the invariant distribution, in the sense that it is ergodic with respect to $\documentclass[12pt]{minimal}
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The limiting SDE ([33](#Equ34){ref-type=""}) is nonreversible due to the term $\documentclass[12pt]{minimal}
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Sampling from a Gaussian Distribution {#Sec9}
=====================================

In this section we study in detail the performance of the Langevin sampler ([8](#Equ8){ref-type=""}) for Gaussian target densities, first considering the case of unit covariance. In particular, we study the optimal choice for the parameters in the sampler, the exponential decay rate and the asymptotic variance. We then extend our results to Gaussian target densities with arbitrary covariance matrices.

Unit Covariance: Small Perturbations {#Sec10}
------------------------------------

In our study of the dynamics given by ([8](#Equ8){ref-type=""}) we first consider the simple case when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V(q)=\frac{1}{2}\vert q\vert ^{2}$$\end{document}$, i.e. the task of sampling from a Gaussian measure with unit covariance. We will assume $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M=I$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma =\gamma I$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J_{1}=J_{2}=:J$$\end{document}$ (so that the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q-$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p-$$\end{document}$dynamics are perturbed in the same way, albeit posssibly with different strengths $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu $$\end{document}$). Our first result concerns the asymptotic variance for linear and quadratic observables for small perturbations of equal strength ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu = \nu $$\end{document}$). For sufficiently strong damping $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\gamma >\sqrt{2}$$\end{document}$) always leads to an improvement in asymptotic variance under the nondegeneracy conditions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[J,K]\ne 0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l\notin \ker J$$\end{document}$:

### Theorem 3 {#FPar15}
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### Proof {#FPar16}

The dynamics ([34](#Equ35){ref-type=""}) are of Ornstein--Uhlenbeck type, i.e. we can write$$\documentclass[12pt]{minimal}
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### Remark 5 {#FPar17}

As we will see in Sect. [4.3](#Sec12){ref-type="sec"}, Example [1](#FPar34){ref-type="sec"}, if $\documentclass[12pt]{minimal}
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Let us illustrate this by plotting the asymptotic variance as a function of the perturbation strength $\documentclass[12pt]{minimal}
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Exponential Decay Rate {#Sec11}
----------------------
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We close this subsection by providing autocorrelation plots (see Fig. [3](#Fig3){ref-type="fig"}) for the linear observable considered in Fig. [1](#Fig1){ref-type="fig"}d (with a friction coefficient of $\documentclass[12pt]{minimal}
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Unit Covariance: Large Perturbations {#Sec12}
------------------------------------

In the previous subsection we observed that for the particular perturbation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J_1 = J_2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu = \nu $$\end{document}$ \[see equation ([34](#Equ35){ref-type=""})\] the perturbed Langevin dynamics demonstrated an improvement in performance for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ in a neighbourhood of 0, when the observable is linear or quadratic. Recall that this dynamics is ergodic with respect to a standard Gaussian measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{\pi }$$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}^{2d}$$\end{document}$ with marginal $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$ with respect to the *q*-variable. As before, we shall consider only observables that do not depend on *p*. Moreover, we assume without loss of generality that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi (f) = 0$$\end{document}$. For such observables we will write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f \in L_0^2(\pi )$$\end{document}$ and consider the canonical embedding $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_0^2(\pi ) \subset L^2(\hat{\pi })$$\end{document}$. We emphasize that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_0^2(\pi )$$\end{document}$ consists of functions that only depend on *q*, whereas functions in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^2(\hat{\pi })$$\end{document}$ may depend on both *q* and *p*.

In this subsection will analyse the asymptotic variance for large values of $\documentclass[12pt]{minimal}
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### Theorem 4 {#FPar20}
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### Proposition 2 {#FPar22}
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### Lemma 5 {#FPar24}
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### Remark 8 {#FPar25}

The claim (c) in the above lemma is crucial for our approach, which itself rests heavily on the fact that the $\documentclass[12pt]{minimal}
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### Proof of Lemma 5 {#FPar26}
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Now we proceed with the proof of Proposition [2](#FPar22){ref-type="sec"}:

### Proof of Proposition 2 {#FPar27}
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### Theorem 5 {#FPar28}
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### Remark 9 {#FPar29}

Note that the fact that the limit exists and is finite is nontrivial. In particular, as Fig. [1](#Fig1){ref-type="fig"}b, c demonstrate, it is often the case that $\documentclass[12pt]{minimal}
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### Remark 10 {#FPar30}
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### Proof of Theorem 5 {#FPar31}
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From Theorem [5](#FPar28){ref-type="sec"} it follows that in the limit as $\documentclass[12pt]{minimal}
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### Lemma 6 {#FPar32}
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### Proof {#FPar33}
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### Example 1 {#FPar34}

Recall the case of observables of the form $\documentclass[12pt]{minimal}
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The following result shows that the dynamics ([34](#Equ35){ref-type=""}) is particularly effective for antisymmetric observables (at least in the limit of large perturbations):

### Proposition 3 {#FPar35}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\in L_{0}^{2}(\pi )$$\end{document}$ satisfy $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(-q)=-f(q)$$\end{document}$ and assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ker J=\{0\}$$\end{document}$. Furthermore, assume that the eigenvalues of *J* are rationally independent, i.e.$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sigma (J)=\{\pm i\lambda _{1},\pm i\lambda _{2},\ldots ,\pm i\lambda _d\} \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _{i}\in \mathbb {R}_{>0}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum _i k_i \lambda _i \ne 0$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(k_1,\ldots ,k_d)\in \mathbb {Z}^d\setminus (0,\ldots ,0)$$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lim _{\mu \rightarrow \infty }\sigma _{f}^{2}(\mu )=0$$\end{document}$.

### Proof of Proposition 3 {#FPar36}
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### Remark 11 {#FPar37}

The idea of the preceding proof can be explained using Fig. [2](#Fig2){ref-type="fig"}a and Remark [10](#FPar30){ref-type="sec"}. The eigenvalues in the fixed spectrum $\documentclass[12pt]{minimal}
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The following corollary gives a version of the converse of Proposition [3](#FPar35){ref-type="sec"} and provides further intuition into the mechanics of the variance reduction achieved by the perturbation.

### Corollary 1 {#FPar38}
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Optimal Choices of *J* for Quadratic Observables {#Sec13}
------------------------------------------------

Assume $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\in L_{0}^{2}(\pi )$$\end{document}$ is given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(q)=q\cdot Kq+l\cdot q -{{\mathrm{Tr}}}K$$\end{document}$, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K\in \mathbb {R}_{sym}^{d\times d}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l\in \mathbb {R}^{d}$$\end{document}$ (note that the constant term is chosen such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \pi (f)=0 $$\end{document}$). Our objective is to choose *J* in such a way that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lim _{\mu \rightarrow \infty }\sigma _{f}^{2}(\mu )$$\end{document}$ becomes as small as possible. To stress the dependence on the choice of *J*, we introduce the notation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _{f}^{2}(\mu ,J)$$\end{document}$. Also, we denote the orthogonal projection onto $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\ker J)^{\perp }$$\end{document}$ by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPi ^{\perp }_{\ker J}$$\end{document}$.

### Lemma 7 {#FPar40}
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### Lemma 8 {#FPar42}
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### Corollary 2 {#FPar44}
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### Proof {#FPar45}
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As the proof of Lemma [8](#FPar42){ref-type="sec"} is constructive, we obtain the following algorithm for determining optimal perturbations for quadratic observables:

### Algorithm 1 {#FPar46}
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### Remark 12 {#FPar47}

In \[[@CR14]\], the authors consider the task of finding optimal perturbations *J* for the nonreversible overdamped Langevin dynamics given in ([15](#Equ15){ref-type=""}). In the Gaussian case this optimization problem turns out be equivalent to the one considered in this section. Indeed, equation (39) of \[[@CR14]\] can be rephrased as $\documentclass[12pt]{minimal}
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Gaussians with Arbitrary Covariance and Preconditioning {#Sec14}
-------------------------------------------------------

In this section we extend the results of the preceding sections to the case when the target measure $\documentclass[12pt]{minimal}
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### Corollary 4 {#FPar50}
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Let us also reformulate Algorithm [1](#FPar46){ref-type="sec"} for the case of a Gaussian with arbitrary covariance.
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Finally, we obtain the following optimality result from Lemma [7](#FPar40){ref-type="sec"} and Corollary [2](#FPar44){ref-type="sec"}.
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### Remark 13 {#FPar54}
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Numerical Experiments: Diffusion Bridge Sampling {#Sec15}
================================================

Numerical Scheme {#Sec16}
----------------

In this section we introduce a splitting scheme for simulating the perturbed underdamped Langevin dynamics given by Eq. ([8](#Equ8){ref-type=""}). In the unpertubed case, i.e. when $\documentclass[12pt]{minimal}
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### Remark 15 {#FPar56}

The aformentioned schemes lead to an error in the approximation for $\documentclass[12pt]{minimal}
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Diffusion Bridge Sampling {#Sec17}
-------------------------

To numerically test our analytical results, we will apply the dynamics ([8](#Equ8){ref-type=""}) to sample a measure on path space associated to a diffusion bridge. Specifically, consider the SDE$$\documentclass[12pt]{minimal}
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In the regime of growing values of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu $$\end{document}$, the experiments confirm the results from Sect. [4.3](#Sec12){ref-type="sec"}, i.e. the asymptotic variance approaches a limit that is smaller than the asymptotic variance of the unperturbed dynamics.

As a final remark we report our finding that the performance of the sampler for the linear observable is qualitatively independent of the choice of $\documentclass[12pt]{minimal}
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Outlook and Future Work {#Sec18}
=======================

A new family of Langevin samplers was introduced in this paper. These new SDE samplers consist of perturbations of the underdamped Langevin dynamics (that is known to be ergodic with respect to the canonical measure), where auxiliary drift terms in the equations for both the position and the momentum are added, in a way that the perturbed family of dynamics is ergodic with respect to the same (canonical) distribution. These new Langevin samplers were studied in detail for Gaussian target distributions where it was shown, using tools from spectral theory for differential operators, that an appropriate choice of the perturbations in the equations for the position and momentum can improve the performance of the Langvin sampler, at least in terms of reducing the asymptotic variance. The performance of the perturbed Langevin sampler to non-Gaussian target densities was tested numerically on the problem of diffusion bridge sampling.

The work presented in this paper can be improved and extended in several directions. First, a rigorous analysis of the new family of Langevin samplers for non-Gaussian target densities is needed. The analytical tools developed in \[[@CR14]\] can be used as a starting point. Furthermore, the study of the actual computational cost and its minimization by an appropriate choice of the numerical scheme and of the perturbations in position and momentum would be of interest to practitioners. In addition, the analysis of our proposed samplers can be facilitated by using tools from symplectic and differential geometry. Finally, combining the new Langevin samplers with existing variance reduction techniques such as zero variance MCMC, preconditioning/Riemannian manifold MCMC can lead to sampling schemes that can be of interest to practitioners, in particular in molecular dynamics simulations. All these topics are currently under investigation.

In fact, using the results from \[[@CR8]\], we could consider observables in $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2(\pi )$$\end{document}$. However, we will not extend this point further in this paper.
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                \begin{document}$$\mathcal {L}_0 +\mu \mathcal {A}$$\end{document}$ as well, using Lemma [5](#FPar24){ref-type="sec"}(c) The claim then follows by extending linearly.
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